In isotropic strain gradient elasticity, we decompose the strain gradient tensor into its irreducible pieces under the n-dimensional orthogonal group O(n). Using the Young tableau method for traceless tensors, four irreducible pieces (n > 2), which are canonical, are obtained. In three dimensions, the strain gradient tensor can be decomposed into four irreducible pieces with 7+5+3+3 independent components whereas in two dimensions, the strain gradient tensor can be decomposed into three irreducible pieces with 2+2+2 independent components. The knowledge of these irreducible pieces is extremely useful when setting up constitutive relations and strain energy.
Introduction
Irreducible tensors are of fundamental interest in the representation theory of groups and are important in applied mathematics and theoretical physics (e.g., [32, 33, 13, 3] ). Irreducible tensors of rank three and four are used in differential geometry and metric affine gauge theory (e.g., [14] ). In high energy physics, tensors of arbitrary rank being irreducible with respect to the Lorentz group SO (1, 3) are necessary (e.g., [10, 11] ). In generalized elasticity, Toupin [30] discussed that general tensors of rank three have four irreducible symmetry parts. Toupin [30] used four symmetry operators, which correspond to the four relevant Young symmetries (symmetries of Young tableaux, see below). The four irreducible symmetry parts discussed by Toupin [30] are irreducible with respect to the n-dimensional general linear group GL(n). For couple-stress elasticity, only two irreducible symmetry parts survive since the couple-stress tensor is antisymmetric in two indices. Currently, there is a renewed interest in irreducible tensors in elasticity theory (e.g., [15] ) and in generalized elasticity theory, especially in gradient elasticity theory (e.g., [1, 2, 12] ).
Mindlin's theory of strain gradient elasticity [23] is a well-suited framework to model the behavior of elastic materials up to the nano-scale. Using ab initio calculations, Shodja et al. [29] found that the characteristic length scale parameters of Mindlin's gradient elasticity theory are in the order of ∼ 10 −10 m for several fcc and bcc materials. Therefore, as a generalization of classical elasticity, gradient elasticity is relevant for nano-mechanical phenomena at such length scales. However, the most general version of Mindlin's strain gradient elasticity has found limited application so far, because of both its complexity and the presence of a large number of new material parameters. The use of irreducible tensors in Mindlin's strain gradient elasticity theory may deliver a better understanding of the general structure of such a theory.
The aim of this work is to give a canonical and unique decomposition of the strain gradient tensor, which is a tensor of rank three, into its irreducible pieces with respect to the orthogonal group O(n) using the method of Young tableaux. Also the connection of the irreducible form of strain gradient elasticity to Mindlin's strain gradient elasticity theory [23] and to strain gradient elasticity theory of Helmholtz type [18, 22] is given.
Prolog
In strain gradient elasticity (or gradient elasticity of form II), the two state quantities are the elastic strain tensor, which is a symmetric tensor of rank two,
and the elastic strain gradient tensor, which is a tensor of rank three,
is symmetric in the first two indices 1 : η ijk ≡ η (ij)k . Here u i is the displacement vector and a comma denotes the differentiation with respect to the coordinates. The elastic strain tensor can be decomposed into two irreducible pieces according to
with the number of independent components
The irreducible tensor piece (1) ε ij is defined as symmetric and traceless tensor of rank two, which is the shear tensor
In tensor analysis and continuum mechanics, this piece is usually called deviator of ε ij (e.g., [4, 6] ). The second irreducible tensor piece (2) ε ij is the spherical part of ε ij
with the dilatation ε ··
and δ ii = n.
3 Irreducible decomposition of the strain gradient tensor η ijk
Basic remarks
Let O(n) be the orthogonal group in n-dimensions. O(n)-irreducible tensors are traceless tensors having defined symmetry classes associated with so-called Young tableaux (see Appendix A and [13, 33, 5] ). Starting from the subspace of traceless tensors and applying the Young symmetry to obtain irreducible tensors of a given symmetry type. However, not all Young tableaux are admissible. The traceless tensors corresponding to Young tableaux where the sum of the lengths of the first two columns exceeds n must be identically zero [13] . Thus, only the Young tableaux are permissible for which the sum of the lengths of the first two columns is: µ 1 + µ 2 ≤ n. Two tableaux T and T ′ (and the corresponding tensor representations) for which the first columns are related by µ ′ 1 = n − µ 1 , where
(n is even), then T and T ′ are called self-associated. If we consider the special (or proper) orthogonal group SO(n) ⊂ O(n), for which a ∈ SO(n): det a = +1, the representations corresponding to the associated Young pattern T and T ′ become equivalent, whereas representations corresponding to self-associated pattern decompose into two nonequivalent irreducible representations. As an example for n = 3, the pattern T = (1) and T ′ = (1, 1) are associated:
The pattern T = (1) describes vectors, e.g. V i , while T ′ = (1, 1) describes antisymmetric tensors of rank two, e.g. T [jk] . The vector and axial vector representations V i and
, respectively, are associated ones (ǫ ijk is the three-dimensional Levi-Cività tensor). Under SO(3) both types transform in the same way and T and T ′ are equivalent. Under O(3), the tensors for T = (1) change sign (polar vector), whereas T ′ = (1, 1) do not (axial vector).
Young symmetries of a general tensor of rank three
For a general tensor of rank three, F ijk , there are four non-vanishing standard Young tableaux if n > 2, namely
where the coefficients α, β, γ are determined by the formula (A.6) and they are (see also [13] )
Thus, for a general tensor of rank three F ijk , the Young tableaux in (9) with (10) give the following tensor decomposition
where
The four tensor pieces (12)- (15) are irreducible with respect to the n-dimensional general linear group GL(n) (n > 2). The tensor S F ijk is a completely symmetric tensor of rank three corresponding to the pattern (3), A F ijk is a completely antisymmetric tensor of rank three corresponding to the pattern (1,1,1). Since there are two standard tableaux for the pattern (2,1), two irreducible tensors exist for this pattern, namelyPF ijk which is symmetric in i and j and antisymmetric in i and k, and P F ijk which is symmetric in i and k and antisymmetric in i and j. 2 Note that the tensor pieces (12) , (14), (15) are reducible with respect to the group O(n), since they are not traceless; only the totally antisymmetric piece (13) is already irreducible with respect to the group O(n), since it is traceless by construction. The irreducible decomposition of the general tensor F ijk with respect to O(n) is given in Appendix E. The tensor pieces S F ijk andPF ijk are the relevant ones in strain gradient elasticity (see below), whereas the pieces A F ijk and P F ijk are the relevant ones in couple-stress elasticity (see [30] ), in dislocation gauge theory (see [17, 20] ) and in the so-called relaxed micromorphic elasticity (see [26] ). Moreover, the decomposition of the dislocation density tensor in its three irreducible tensor pieces (called 'tentor', 'trator', 'axitor') with respect to the threedimensional orthogonal group is given by Lazar [17] and Lazar and Anastassidis [20] . The corresponding decomposition of F [ij] k is given in Appendix D.
Decomposition of the strain gradient tensor
Now we construct the O(n)-irreducible pieces of the strain gradient tensor η ijk using the method of Young tableaux. The strain gradient tensor, by definition, is symmetric in its first pair of indices. Thus, it is not a general tensor of rank three (η ijk ≡ F (ij)k ).
For the strain gradient tensor there are only two non-vanishing Young tableaux if n > 2, namely
2 Although the correct symmetry operators (Eqs. (4.9) and (4.10) in [30] ) are used by Toupin [30] , the tensors A apqr andPapqr in Eq. (4.11) in [30] contain misprints. Moreover, the tensor decomposition based on Young tableaux given in this paper is in agreement with the decomposition given by Wade and Bruck [31] , namely:
ijk .
with the two tensor pieces
which are irreducible with respect to GL(n) and reducible with respect to O(n).
In order to construct the O(n)-irreducible pieces of η ijk , we split the strain gradient tensor η ijk into two parts
namely the shear gradient tensor
with the two traces
and the dilatation gradient vector
which is nothing but the gradient of the dilatation ε ·· . Eq. (23) is the non-vanishing trace of the shear gradient tensor. In this formulation, the vector η ր i·· in Eq. (23) is the vector part of the shear gradient tensor and identically the divergence of the shear tensor. Therefore, we call this vector part (23) the shear divergence vector. The dilatation gradient vector cannot be reduced any further, since it is already an irreducible piece, and the application of the Young tableau method to the shear gradient tensor together with the taking of traces yields three further irreducible pieces, provided n > 2.
Therefore, the strain gradient tensor η ijk can be decomposed into four irreducible pieces under the orthogonal group O(n) according to
possessing the number of independent tensor components
These pieces are invariant under the action of O(n) and SO(n). The irreducible pieces are given in the following.
The irreducible piece: (1) η ijk
The totally symmetric and traceless tensor of rank three is characterized by the following Young tableau:
where S ijk means the total symmetrization in the indices i, j, k and divided by 3!. Since the Young symmetry and the trace subtraction are 'commutative' for the construction of O(n)-irreducible tensors [13] , we obtain
Substituting the traceless tensor of rank three (B.4) into Eq. (27) and doing some algebra, we find
It is remarkable that the irreducible piece (1) η ijk can be equivalently expressed in terms of the shear gradient tensor and the non-vanishing vector trace of the shear gradient tensor, which is the shear divergence vector, according to
Thus, the piece (29) is the totally symmetric and traceless shear gradient tensor of Young pattern (3) (traceless tensor of symmetry (3)).
The irreducible piece: (2) η ijk
Another irreducible tensor part of η ijk is characterized by a traceless tensor of rank three having the following Young symmetry:
where S ij means the symmetrization in the indices i, j and divided by 2, and A ki means the antisymmetrization in the indices k, i and divided by 2. The factor 4/3 is the normalization factor for the tensor decomposition (17) . Using that the Young symmetry and the trace subtraction are 'commutative' operations for the construction of O(n)-irreducible tensors [13] , we get
Therefore, the tensor (2) η ijk is symmetric in the indices i and j, and antisymmetric in the indices i and k. Substituting the traceless tensor of rank three (B.4) into Eq. (30) and doing some algebra, we obtain
Note that the irreducible piece (2) η ijk can be equivalently expressed in terms of the shear gradient tensor and the shear divergence vector according to (2) 
Thus, the piece (32) is the traceless shear gradient tensor with mixed symmetry of Young pattern (2,1) (traceless tensor of symmetry (2,1)).
The irreducible pieces: (3) η ijk and (4) η ijk
There are two irreducible vector pieces corresponding to the two canonical traces, namely the dilatation gradient vector η ··k and the shear divergence vector η ր i·· . The dilatation gradient vector gives the irreducible piece (4) η ijk :
Using the irreducible decomposition, the condition of incompressibility can be stated as
The other irreducible vector piece is defined by
and reads
The irreducible piece (3) η ijk can be completely expressed in terms of the shear divergence vector according to
It can be seen that the irreducible piece given in Eq. (37) is the sum of the traces subtracted out in the pieces (1) η ijk in Eq. (29) and (2) η ijk in Eq. (32).
Properties of the irreducible pieces
First of all, we observe that the presented decomposition of the strain gradient tensor η ijk is canonical and unique, since we started from the initial decomposition (20) into the shear gradient tensor and the dilatation gradient vector, whereas the latter is already irreducible. The initial decomposition (20) has ensured that the irreducible subspaces which we have obtained are uniquely defined. The unique decomposition of the shear gradient tensor into its three irreducible pieces is given by
which are given by Eqs. (29), (32) and (37).
There are two types of vanishing traces
and the Young symmetries of those parts vanish are given by
There are two types of non-vanishing traces
The four irreducible components defined by Eqs. (29), (32), (33) and (37) have an interesting orthogonality property
so that
On the other hand, it holds one cross term relation between (3) η ijk and (4) η kji
describing the coupling between the shear divergence vector η ր i·· and the dilatation gradient vector η ··i .
Three dimensions: n = 3
In three dimensions, the irreducible pieces of η ijk are given by 3
18 = 7 + 5 + 3 + 3 (50) 3 In three dimensions, the irreducible tensor pieces
η ijk have a spin j = 3, 2, 1, 1, respectively. The spin j is the highest weight which characterizes irreducible representations up to equivalence (see, e.g., [28] ).
3.6 Two dimensions: n = 2
In two dimensions, (2) η ijk drops out leaving three irreducible pieces due to the theorem that traceless tensors corresponding to Young tableaux in which the sum of the lengths of the first two columns exceeds n = 2 must be identically zero [13] . Thus, the irreducible pieces of η ijk are given by
where 5
4 The strain energy density in terms of irreducible strain and irreducible strain gradient tensors
The most general quadratic form of the strain energy density of isotropic strain gradient elasticity given in terms of the irreducible strain and irreducible strain gradient tensors is given by
Here, c 1 and c 2 are 'elastic constants' and b 1 , . . . , b 5 are five 'irreducible gradient parameters' due to the irreducible pieces. The gradient parameters b 1 , . . . , b 4 are the 'coupling constants' for the four irreducible pieces of the strain gradient tensor (1) η ijk , . . . , (4) η ijk . In particular, b 4 is the 'coupling constant' for the dilatation gradient vector η ··k , and b 1 , b 2 , b 3 are the 'coupling 4 Note that the tensor decompositions given in [1, 25] are not canonical since the tensors S1(a) ijk and S4(a) ijk in [25] and the tensors T (V ∇str ) ijk , and T (V ∇rot ) ijk in [1] are arbitrary combinations of the irreducible pieces (3) η ijk and (4) η ijk . 5 The three irreducible pieces (1) η ijk , (3) η ijk , and (4) η ijk correspond to the three tensors H (ijk) , T (V ∇dev ) ijk , and T (V ∇sph ) ijk given in [2] .
constants' for the three irreducible pieces of the shear gradient tensor (1) η ijk , (2) η ijk , (3) η ijk , respectively. Note the peculiar cross term with gradient parameter b 5
In fact, the gradient parameter b 5 is the 'coupling constant' between the shear divergence vector η ր i·· and the dilatation gradient vector η ··i . Also, notice that since for n = 2 the piece (2) η ijk drops out, there are only four gradient parameters: b 1 , b 3 , b 4 , b 5 in two-dimensional isotropic strain gradient elasticity.
We can connect the constants c 1 and c 2 with the moduli known from elasticity theory
where µ and λ are the Lamé constants and K is the modulus of compression or bulk modulus (see, e.g., [16] ) for n-dimensions. Using Eq. (60), we define the conjugate quantities of isotropic strain gradient elasticity, namely the Cauchy stress tensor is given by
and the double stress tensor is given by
By means of setting b 5 = 0, we 'switch off' the coupling between the shear divergence vector and the dilatation gradient vector and obtain the double stress tensor in terms of the four irreducible pieces and the corresponding four gradient parameters
In strain gradient elasticity, the equilibrium condition reads
where f i is the body force density vector.
5 Relation to Mindlin's strain gradient elasticity of form II
The general case: n ≥ 3
The strain energy density of Mindlin's isotropic strain gradient elasticity theory of form II reads [23] (see also [24, 29] )
where a 1 , a 2 , a 3 , a 4 , a 5 are the Mindlin gradient parameters in Mindlin's first strain gradient elasticity theory. Now the Cauchy stress tensor reads
Substituting the irreducible pieces (28), (31), (33), and (36) into Eq. (64), and comparing now with Eq. (69), we obtain the relation between Mindlin's gradient parameters and the 'irreducible gradient parameters'
and the inverse relations between the 'irreducible gradient parameters' and Mindlin's gradient parameters
If b 5 = 0 (no coupling between the shear divergence vector and the dilatation gradient vector), then one parameter of the five Mindlin gradient parameters can be eliminated using the constraint obtained from Eq. (79)
The case: n = 2
Because for n = 2 the piece (2) η ijk drops out, there are only four gradient parameters: 5 and therefore
Using Eq. (81), the strain energy density (67) of Mindlin's isotropic strain gradient elasticity theory of form II reads in two dimensions
and the double stress tensor (69) is given by 
6 Relation to strain gradient elasticity of Helmholtz type
For n = 3, a simplified and useful version of strain gradient elasticity is called strain gradient elasticity of Helmholtz type which is a particular case of Mindlin's strain gradient elasticity of form II (see, e.g., [18, 19, 21, 22] ). The connection between the strain energy density of isotropic strain gradient elasticity given in terms of the irreducible strain and the strain energy density of strain gradient elasticity of Helmholtz type is given by the particular choice of the gradient parameters
where ℓ is a length scale parameter, and equivalently in terms of Mindlin's gradient parameters
Then the double stress tensor (64) reads
Thus, gradient elasticity of Helmholtz type is based on the initial decomposition (20) into the shear gradient tensor η ր ijk and the dilatation gradient vector η ··k .
Conclusions
The irreducible decompositions presented here are of interest in themselves, both from the mechanical and group-theoretical point of view. One main motivation for the present work, based on the well proven relevance in strain gradient theories, is their use in setting up the strain energy density and Lagrangian for isotropic strain gradient theories. Using group theory, a canonical and unique tensor decomposition of the strain gradient tensor into the O(n)-irreducible pieces has been given. We have found that:
• n = 3: the strain gradient tensor can be decomposed into four irreducible tensor pieces with 7+5+3+3 independent components
• n = 2: the strain gradient tensor can be decomposed into three irreducible tensor pieces with 2+2+2 independent components.
The four irreducible pieces are built up from the three parts:
• shear gradient tensor η
The group-theoretical interpretation of the four irreducible pieces under SO(3) is:
• (1) η ijk : totally symmetric and traceless shear gradient tensor is spin-3 field
• (2) η ijk : traceless shear gradient tensor of Young symmetry (2,1) is spin-2 field
shear divergence vector in the subtracted traces of (1) η ijk and (2) η ijk is spin-1 field
• (4) η ijk : gradient of the dilatation is spin-1 field.
As a straightforward consequence of the irreducible tensor decomposition, we found the number of gradient parameters:
• n = 3: five gradient parameters
• n = 2: four gradient parameters in addition to the two Lamé constants. Also we discussed the particular case, b 5 = 0, when the coupling between the shear divergence vector and the dilatation gradient vector vanishes.
The presented irreducible decomposition of the strain gradient tensor can be also used in strain gradient plasticity (e.g., [8, 9] ) where usually a decomposition into three tensor pieces is used. 
and
which is related to a Young tableau denoted by [m] . Here P is the operator for horizontal permutations in the diagram and Q is the operator for vertical permutations. Thus, in order to obtain a tensor of rank n with the symmetry described by a Young pattern m, we apply the Young operator Y [m] to the tensor F i 1 ...in :
Consequently, the tensor will be symmetric in all the indices which appear in the same row and antisymmetric in all the indices which appear in the same column. Any tensor component for
which an index appears twice in the same column is equal to zero. A tensor having a certain Young symmetry is irreducible with respect to the general linear group GL(n).
Going from the group GL(n) to the orthogonal group O(n), only the completely antisymmetric tensors remain irreducible. The reason is that, because of the definition of the orthogonal group, δ ij a ik a jl = δ kl , ∀a ∈ O(n), the operation of taking the trace (contraction) of a tensor commutes with the orthogonal transformations of that tensor:
By Schur's Lemma, irreducible tensors with respect to the orthogonal group are traceless tensors having definite symmetry class (Young symmetry). This decomposition is obtained as follows:
The tensors which appear under the sum in Eq. (A.9) have rank n − 2 and a Young pattern
obtained by removing two boxes from the pattern. They may be decomposed again into traceless ones plus some remainder, and so on. Therefore, a traceless tensor is obtained from the original one by subtracting all the traces. In general, there are two possible ways to construct O(n)-irreducible tensors. Either one symmetrizes the indices according to the corresponding (standard) Young tableaux and afterwards subtracts all the traces, or one starts from tensors being already traceless and finally symmetrizes because this does not destroy the tracelessness. In this sense, the operations of Young symmetrization and subtraction of traces can be interchanged and are 'commutative'.
B Traceless tensor of rank three
Here, we decompose a general tensor of rank three F ijk into a traceless tensor of rank three • F ijk and the three traces, given in terms of three vectors H k , K j and L i , according to (see, e.g., [13] )
We require that the tensor • F ijk be traceless and obtain from Eq. (B.1):
where we use the notation F ··k ≡ F iik , and δ ii = n. Solving (B.2), we find
3)
Thus, a traceless tensor of rank three reads
with Eq. (B.3). The decomposition (B.1) is unique [13, 33] .
C Irreducible pieces for gradient elasticity of form I
For completeness and convenience of the reader, we give the O(n)-irreducible pieces for gradient elasticity of form I. In gradient elasticity of form I [23] , the tensor of rank three, which is the second gradient of the displacement vector, is used
and the two traces read
Substituting Eqs. (C.1)-(C.3) into Eqs. (28), (31), (36) and (33), the four O(n)-irreducible pieces for gradient elasticity of form I read
We now give the decomposition of the tensor
For the tensor κ ijk there are only two non-vanishing Young tableaux if n > 2, namely
which are irreducible with respect to GL(n). Moreover, A κ ijk is already irreducible and P κ ijk is reducible with respect to O(n). Note that Toupin [30] called P κ ijk the principal part. Finally, the tensor κ ijk can be decomposed into three irreducible pieces under the orthogonal group O(n) if we split the principal part P κ ijk into its traceless and trace parts. For n > 2, we may write its three irreducible pieces according to
with the number of independent tensor components n 2 (n − 1) 2 = n(n 2 − 4) 3 + n + n(n − 1)(n − 2) 6 (D.6) and the three O(n)-irreducible pieces are given by The irreducible pieces are canonical. Under the group SO(3), the pieces (1) κ ijk , (2) κ ijk , (3) κ ijk are spin-2, spin-1, spin-0 fields, respectively. For n = 2, the tensor κ ijk is already irreducible. For n = 3, we may define the dual tensor of κ ijk according to Thus, (1) κ ij is the symmetric and traceless part (or symmetric deviator) of κ ij , (2) κ ij is the antisymmetric part of κ ij , and (3) κ ij is the trace part (or spherical part) of κ ij . The pieces (1) κ ij , (2) κ ij , (3) κ ij are spin-2, spin-1, spin-0 fields, respectively.
E Irreducible decomposition of a general tensor of rank three F ijk
As an important side-result of this paper, we give the irreducible decomposition of a general tensor of rank three F ijk with respect to O(n). The first step is to decompose the general tensor F ijk in the indices i and j into symmetric and antisymmetric parts. In the second step, we use the irreducible decomposition of these two tensors. For n > 2, a general tensor of rank three, F ijk , can be uniquely decomposed into seven O(n)-irreducible pieces according to
with the seven irreducible tensor pieces given by Eqs. (29), (32), (37), (33), (D.7), (D.8), (D.9). For instance, the irreducible decomposition (E.1) can be used in micromorphic elasticity for the micro-deformation gradient tensor (see, e.g., [23, 7] ).
